A N APPROXIMATE MODEL for hoop-stress-increase estimation of pipelines subjected to fluid-hammer conditions is developed. The model takes into account the pressure oscillations and the elastic properties of steel. The solution of the derived differential equation is based on finite Fourier and Laplace transforms. The proposed methodology is implemented to a representative example and the results are discussed.
W HEN A VALVE IS CLOSED rapidly at the end of a pipeline, a pressure shock is developed and travels with high velocity [1, 2] and this phenomenon, known as 'fluid-hammer', may have catastrophic consequences to the integrity of the pipeline. Fluidmechanics' models providing the pressure change and pressure-wave velocity have been known since 1898: Joukowsky [3] , Frizell [4] , and Allievi [5] were among the first researchers who derived formulae for quantitative calculation of pressure surge and velocity. Their formulae are based on one-dimensional mass and momentum equations of fluid-hammer flow and take into account the modulus of elasticity of the pipe's material, the bulk modulus of the contained fluid, the wall thickness, the diameter of the pipe, and the fluid's mass density. Today, many transient-fluidflow models in one or two dimensions are known [6] providing useful theoretical tools for the estimation of the stress and strain fields of pipelines in fluid-hammer conditions.
Since purpose of the present study is the derivation of a simple tool for dynamichoop-stress estimation of steel pipelines in unsteady flow conditions, the Allievi [5] fluid-flow model will be adopted. Taking into account the dynamic load, the theory of axisymmetric shells under axisymmetric loading will be used to simulate the radial displacement equation of the pipeline using the model of a beam on an elastic foundation [7] . Then, an analytic solution based on studies on beams under moving loads [8] will be used for the estimation of radial displacements and hoop stresses for pipelines under fluid-hammer conditions.
Unsteady-fluid-flow model
For the derivation of the governing equation providing the radial deflection of the pipeline's wall, Allievi's unsteadyflow formula [5] will be adopted. According to Allievi's study, the pressure change due to a sudden reduction of the flow in a pipeline is:
where ρ is the fluid's mass density, u is the flow speed before the rapid reduction, and a is the velocity of the pressure wave due to fluid hammer, given by the following equation:
In Equn 2 K is the bulk modulus of elasticity of the fluid, E is the modulus of elasticity of the pipeline's material, and R and h are its internal radius and wall thickness, respectively. If pst is the static pressure (during steady-state flow), the total pressure due to fluid hammer is:
The required time T for the shock wave to travel back to the point where the sudden stopping of flow occurred is:
where L is the length of the pipe as far as the valve which stops the flow.
In the case where the time T v of closure of the valve is not zero, and in the specific case where T v > T, the maximum overpressure can be obtained from the following formula:
In the case where T v < T, the rapid closure is considered as being equivalent to instantaneous closure, and the shock wave will reach its maximum value given by Equn 1.
Hoop-stress model
The equilibrium equations [9] (containing translational inertia effects) of a wall element of a cylindrical shell ( Fig.1 ) under pressure p(x,t) are given by:
In Equns 6-8, N x , N y , V x , and M x are the force resultants shown in Fig.1 , h is the wall thickness, t is time, and w and u are the radial and longitudinal displacements, respectively. For long, axially restrained, pipelines the assumption that the longitudinal displacement u is zero can be adopted. By taking into account the above assumption, combining Equns 6-8 yields:
According to the general theory of cylindrical shells [9] , the following formulae are valid:
where D is the flexural rigidity of the shell, and is given by:
and n is the Poisson's ratio.
Then, with the aid of Equns 11 and 12, Equn 10 yields:
The radial strain e yy is given by the following [7] equation: The radial displacement w can be correlated to σ yy by the following equation:
And with the aid of Equn 17, Equn 14 can be rewritten as:
In fluid-hammer conditions the pressure p(x,y) can be derived with the aid of Equns 1 and 2. Since the pressure shock Δp* travels with velocity a, the function p(x,y) can be derived as:
where δ{x-αt} is the Dirac Delta function, and t denotes time. Using the notation
and taking into account Equns 1, 2, and 19, Equn 18 can be rewritten as follows:
Analytic solution of the dynamic model
Assuming that the ends of the pipeline are simply supported on their perimeters, the following boundary conditions are valid:
Considering that the pipe is un-deformed at t = 0, the following initial conditions can be used: 
With the aid of the following finite sine Fourier transform and its inverse form:
and taking into account the following properties:
the finite sine Fourier transform can be applied to Equn 21 yielding:
(32) Using the following notations:
and
Equn 32 can be rewritten as:
(36) If we use the notation:
and taking into account Equn 20, the parameter P* can be written as: 
Applying the operator L to Equn 36, the following formula can be obtained: 
as well as the following conditions derived from Equn 27: Equn 41 then yields: Then, with the aid of Equn 29, the hoop stress σ yy (x,t) can be derived as follows: . Using Equns 33-35, the functions ω(j) and Ω(j), and the parameter ω, can be derived as:
. , the convergence of the series given in Equn 49 is rapid. For more than 100 members of the series, the change in the results is negligible; therefore, the value j =100 is adopted. Note that all the mathematical calculations and graphics in this paper have been performed using Mathematica [11] .
Conclusions
1. An analytic model for approximate estimation of the hoop-stress increase in pipelines subjected to fluid-hammer conditions has been derived. provided. The results indicated that:
(a) The location of the maximum radial displacement and maximum hoop stress is different from the location of the pressure-wave front. In the example given, the maximum values of the total hoop stress and radial displacements are 133 MPa and 0.26 mm, respectively. The above values have been calculated for t = 3t o /4 = 0.07605 sec.
(b) The increase of the pipe diameter yields an increase of the dynamic hoop stress. For an increase of the diameter by a factor of 1.6/1.2 = 1.33, the corresponding factor of increase of the maximum hoop stress is 145/155 = 1.26.
(c) The increase of the wall thickness yields a rapid decrease in the dynamic hoop stress because the flexural rigidity D depends on h 3 . For an increase of the thickness by a factor 1.2/0.8 = 1.5, the corresponding factor of decrease of the maximum hoop stress is 93/150 = 0.6.
